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ABSTRACT 

We consider in this paper cones of generalized absolutely monotone functions 
with respect to an infinite sequence of C oo [a,b] functions {ui ~ t= oo o such that 
for all n, n = 0,1,2,... {uo, ul,. . . ,un} constitutes an Extended Tchebycheff 
System on [a,b]. We find a necessary and sufficient condition for the functions 
ui, i = 0,1,2 . . . .  to generate all the extreme rays in this cone. We conclude 
by constructing a cone of generalized absolutely monotone functions 
where the ul's do not generate all of its extreme rays. 

. 

We s ta r t  by  recal l ing some def ini t ions  and  results  which will  be used in the  

sequel.  Let  {u~}~=0 be an infini te sequence o f  funct ions  be longing  to  C~176 b] and  

U n such tha t  for  each n, n = 0, 1,2, ...,  ( ~}~=o cons t i tu tes  an ex tended  Tchebycheff  

sys tem on Ia ,  b l .  W i t h  no loss o f  genera l i ty  we may  assume t h a t  

(1) us(t) = c~i(t; a), i = O, 1 ,2 , . . . ,  

where  

r: s:, s:,-, 
(2) q~(t; x)  = o(t) , wt ( r  w2(~2) "'" w,(~t) d~l . . ,  d~l ,  x -< t -< b 

L O ,  a < t < x  

fo r  i = 0 , 1 , 2 , . . . ,  a < x < _ b ,  w k > 0  , and  k = 0 , 1 , 2 , . . . .  (See [4] .)  

DEFINITION 1. A f u n c t i o n  f defined on (a,  b) is said to  be convex wi th  respect 

* This paper is included in the author's D.Sc. thesis submitted to the Technion--Israel 
Institute of Tcclmology. 
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to the Tchebycheffsystem {us}7= o if for every set of n + 2 points {t,}f_-+o~satisfying 

a < to < t~ < ... < tn+ ~ < b, the following determinant inequality holds: 

Uo(to) "'" Uo(tn+ l) 

v( uo,ul,''',uJ )=  
',to, tl, "", tn, tn+ 1 

(3) ___0. 

where 

(6) 

where 

d f ( t )  
(Dkf)(0  = dt wk(O" 

QO U It is also shown that i f f e  C~t C + n  [Ns=oC( o, ul, ..., us)] then the following 

Taylor-type formula holds: 

(5) f ( t )  = dPn(t; x ) (Ln f ) (x )dx  + ~ + us(t). 
( L , - l f ) ( a  ) 

~=o w,(a) 

This formula is an extreme rays representation for functions in the cone 

C + n [AT=oC(uo, ul, "',us)], (refer to [3]). 

A necessary and sufficient condition for a function f e  Ca to admit a Taylor-type 

representation 

f ( t )  = ~ a,u~(t) 
i = 0  

(Ll-  i f )  (a + ) 
as = w,(a) 

is that  for every t, a < t < b, there exists s, t < s < b, such that 

(7) lim ui (t) _ 0. ,_.~ u,(s) 

un(to) ... un(tn+l) 

f ( to)  "'" f ( tn+l)  

The set of the convex functions with respect to a given Tchebycheff system is a 

convex cone denoted by C(uo, ul ,  "", u~). 

It is proved in [3] that f e  C + c3 [ f l  ~~ C(uo, ul,  ".., ut)], where C + denotes the 

cone of the non-negative functions defined on (a, b), if and only if 

(4) (L_ i f ) ( t )  = f ( t )  >= 0 

(Lt f )  (t) = (DiD~_ 1"'" Oof)  (t) > O, i = O, 1, 2,. . . ,  a < t < b 
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(Refer to [1].) 

I f  we restrict ourselves to the cone Ca n B, where B denotes the set of bounded 

functions on (a, b) then condition (7) should be replaced by 

us (t) 
(7') lim us(b---) = O, Vt, a < t < b. 

S~oo 

In this paper we give another necessary and sufficient condition for (6) to hold 

for generalized absolutely monotone functions in (a, b). We use here the condition 

found by Amir and Ziegler in [1]. With no loss of generality we may assume that 

Wo(t) = 1 since f e  C(uo, u l , " ' ,  Un) if and only i f f / w o  ~ C(1, u t /Wo," ' ,  u~/Wo) and 

the representation (6) holds for f if and only if f ( t ) /wo( t )  = Y.,~= oai (ui(t)/Wo(t)). 

2. The generalized Besieovitch problem 

In [2] Besicovitch shows that, given a function f ,  positive and continuous in 

[0, b) and f ( t ) ~  oo as t--* b, there exists a power series p(t) = ~,n%oa~P with 

an > 0 such that p(t) < f ( t )  for all 0 < t < b and P(O "-* oo as t ~ b. 

Consider the following problem. 

PROBLEM 2. Let f be defined, continuous and positive in [a, b) and f ( t )  ~ co 
U oo  as t ~ b, and let { s}t=o be a sequence of functions defined by (1) and (2). Does 

there exist a series 

(8) p(t) = ~, aius(t ) 
i = 0  

with as _ 0 such that p(t) < f ( 0  in (a, b) and p(t) ~ ~ as t ~ b? 

CLAIM 3. The answer is affirmative if and only if (7') holds. 

PROOF. Without loss of generality we may assume that ui(b) = 1, i = 0,1,2,... 

Condition (7') should be replaced by: 

(9) lira ui(t) = O, a < t < b.  
i~oo 

Suppose (9) does not hold for some to; since {ui(t)/ui(b)}~'=o is a decreasing 

sequence (see [1]), there exists an e > 0 such that  

(10) u,(to) > e, i = 0, 1,2,. . . .  

From p(to) <f( to )  we have: Y,~=oaiui(to) < ~ ,  but by (10) we have ~ o  as < oo, 

that  is, ~~ o asui(b) < ~ .  
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a Now p ( t ) - - E J = o  ~ul(t) is a monotone function, p(t )<p(b)  and hence 

limt-~bp(t) < o0. The proof of the sufficiency follows in the same line as the 

solut ion of Besicovitch problem [2]. We give the proof for the sake of completeness. 

LEMMA 4. Let f be a function defined on [a,b) satisfying the conditions of 

Problem 2, and {u~}~ a sequence of non-negative functions such that: 

(i) u~b) = 1, i = 0,1,2,- . . ,  

(ii) for all t, {ui(t))l*~ is a decreasing sequence, and 

(iii) for all t, l i m ~  ui(t) = O. 

There exists an integer n t such that f - u n i  satisfies the condition of  the 

problem. 

PROOF. Denote m = mina _~t,= b f ( t )  > O. Let to be such that f ( t )  > 1 for all 

t > to and n I be such that un,(to) < m. It is readily seen that f l  = f -  u, 1 satisfies 

the condition of problem 2. 

We continue the proof of the sufficiency. By Lemma 4 there exists an increasing 

sequence of natural numbers: n~ < n~ < ... such that 

f2 = f l - u ~ , >  > 0  

f~ = A - 1  -u~k = f -  [u,~ + u,, + ... + u , 3  > 0. 

Hence p ( t )=  Ei%o u , , ( t )~ f ( t )  and lim,_.bp(t ) = oo. Note that (Uo, Ul,...,u~} 

need not be a Tchebycheff system; however for a sequence {u~}~= o defined by (1) 

and (2) we have the following theorem. 

THEOREM 5. The polynomials {ut}~*~ generate all the extreme rays in Ca n B 

if  and only if  there exists a series p(t) = E~~ alul(t) with ai ~ 0, i = 0, 1,2, ..., 

converging for a <= t < b and such that lim,_, b p(t) = ~ .  

3. 

We conclude by showing that there exists a sequence {ut}~ o defined by (1) and 

(2) such that  l i m ~ o  u,(t)/ui(b) > O. 

Let { k}k=o be an infinite sequence of positive C~[a,b] functions such that 

for every function f ,  defined and integrable on [a, b] and continuous in [a, a + e] 

(~ > 0): 

lim f(t)ff'k(t) dt = f(a).  
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Define Uo = 1 and 
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r x) = {~ a < t < x 
x < t < b .  

Let to be a fixed number, a < to < b, and let 0 < e < �89 Choose kl, and denote 

wl = kk,, such that 

ut(to) = Co(to; x)wl(x)dx >= Co(to; a) - y 

and 

fa  b 
ul(t) = Co(t; x)wl(x)dx < Co(b; a) + ~-. 

We now define C t ( ' ;  x) by 

wl(~l)dCx x <- t <- b. 

Suppose that r  x), r  x), . . . ,  r  1('; x) has been defined such that 

uj(to) >= Uo(to) -- + ~ + "'" + 

us(t) <= uo(t) + + ~-s + ... + -~  

for i = 1,2, . . . ,n - 1. 

Choose k,, and denote w, = wk., such that 

and 

B 
u.(to) = r  x)w.(x)dx > C._l(to; a) 2" 

=> Uo(to)-  + ~ + . . . +  > l - n  

i 
b 8 

u.(t) = r  x)w.(x)dx < r  a) + 2-- ~ 

< Uo(t)+ + ~ + . . . +  < l - e .  
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Hence 
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un(to) > 1 - ~  > �89 1 
un(b) = 1 + e =  �89 3" 

ACKNOWLEDGEMENT 

The author  wishes to  express his deep grat i tude to  Professor Zvi Ziegler for  

his guidance and inspiration. 

REFERENCES 

1. D. Amir and Z. Ziegler, On generalized absolutely monotone functions, Israel J. Math. 7 
(1969), 137-146. 

2. A. S. Besicovitch, Two problems onpower series, J. London Math. Soc. 38 (1963), 223-225. 
3. S. Karlin and W. J. Studdden, TchebycheffSystems and Applications, Interscience, New- 

York, 1966. 
4. S. Karlin and Z. Ziegler, Generalized absolutely monotone functions, Israel J. Math. 3 

(1965), 173-180. 

DEPARTMENT OF MATHEMATICS 

TECHNION - -  ISRAEL INSTITUTE OF TECHNOLOGY 

HAIFA, ISRAEL 


