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ABSTRACT

We consider in this paper cones of generalized absolutely monotone functions

with respect to an infinite sequence of C® [a,b] functions {;' ° ¢ such that

forall n,n=0,12,... {uo,ul,...,u,,} constitutes an Extended Tchebycheff
System on [a,b]. We find a necessary and sufficient condition for the functions
u,i=0,1,.2,... to generate all the extreme rays in this cone. We conclude
by constructing a cone of generalized absolutely monotone functions
where the 4;'s do not generate all of its extreme rays.

1.

We start by recalling some definitions and results which will be used in the
sequel. Let {u;};2, be an infinite sequence of functions belonging to C*[a, b] and
such that for each n, n = 0, 1,2, ---, {u;}'-, constitutes an extended Tchebycheff
system on [a, b]. With no loss of generality we may assume that

(1) ui(t) = ¢i(t; a)a i= 0, 1a2, )

where

' 1 $i-1
@) é4t; x) = wo(t)f wl(él)f wz(gz)...j wi&)dE, - dE,,  x<t<b

0, ast<x
fori= 0,1,2,--,a<x<b,w,>0,and k =0,1,2,.... (See [4].)
DEerFINITION 1. A function f defined on (a, b) is said to be convex with respect
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to the Tchebycheff system {u,}}_, if for every set of n+2 points {t,};- satisfying
a<ty<t <--<t,, <b,the following determinant inequality holds:

uo(to) -+ uo(tns1)

v
=]

O (el )
tO,tla"',tmtn+l
“n(to) un(tn+1)

f@t) - fltasr)

The set of the convex functions with respect to a given Tchebycheff system is a
convex cone denoted by C(ug, uq, -+, #,).

It is proved in [3] that fe C*n [N 2o C(ug, 44, -+, u;)], where C* denotes the
cone of the non-negative functions defined on (a, b), if and only if

L-NHO=/D20

4)
(Ltf)(t)=(DiDi—1"'D0f)(t)gO’ i =091929"'9 a<t<b
where
@no =5 L.

Itis also shown thatiffe C, = C*n [N, C(ug, uy, -+, u;)] then the following
Taylor-type formula holds:

b n
® 0= [ smnwn@a+ T B t) g
This formula is an extreme rays representation for functions in the cone
Ct N [N}-oClug,uy, -+, u;)], (refer to [3]).
A necessary and sufficient condition for a function fe C,to admit a Taylor-type
representation

© 10 = Zau)

where
- (Li— 1 f)(a+)

wya)

is that for every ¢, a < t < b, there exists s, t < s < b, such that

i

) lim 40 _

i+ ui(s) B
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(Refer to [1].)
If we restrict ourselves to the cone C, N B, where B denotes the set of bounded
functions on (a, b) then condition (7) should be replaced by

) lim 4 _

— =, Vi, a<t<b.
i—2w ui(b)

In this paper we give another necessary and sufficient condition for (6) to hold
for generalized absolutely monotone functions in (a, b). We use here the condition
found by Amir and Ziegler in [1]. With no loss of generality we may assume that
wo(f) = 1 since fe C(ug,uy, -+, u,) if and only if f/wy e C(1,u, [wy, -+, u, [wy) and
the representation (6) holds for f if and only if f(£) /wo(t) = X% oa: (ui(8) [wo(2)).

2. The generalized Besicovitch problem

In [2] Besicovitch shows that, given a function f, positive and continuous in
[0,b) and f(t) > o as t— b, there exists a power series p(f) = X -4a,t" with
a, = 0 such that p(¢) < f(¢) for all 0 < ¢t < b and p(t) - o0 as t » b.

Consider the following problem.

ProBLEM 2. Let f be defined, continuous and positive in [a, b) and f(f) - o
as t— b, and let {u;};~, be a sequence of functions defined by (1) and (2). Does
there exist a series

® 2= X auf?)

with a; = 0 such that p(z) < f(¢) in (a,b) and p(f) > co as t » b?
CLAamM 3. The answer is affirmative if and only if (7°) holds.

Proor. Without loss of generality we may assume that u(b) = 1,i = 0,1,2,-.
Condition (7") should be replaced by:

©)] lim ut) = 0, ast<b.

Suppose (9) does not hold for some ty; since {u/f) /u(b)}2, is a decreasing
sequence (see [1]), there exists an & > 0 such that

(10) ulty) >e  i=0,1,2,-

From p(t,) <f(t,) we have: 2 qa;uto) < oo, but by (10) we have X2, a; < o0,
that is, 2?;0 a;ui(b) < 0.
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Now p(t) = X2oaut) is a monotone function, p(f) < p(b) and hence
lim,, p(t) < 0. The proof of the sufficiency follows in the same line as the
solution of Besicovitch problem [2]. We give the proof for the sake of completeness.

LeMMA 4. Let f be a function defined on [a, b) satisfying the conditions of
Problem 2, and {u;}5 a sequence of non-negative functions such that:

() ub)=1i=0,1,2,--,

(i) for all t, {uD)}%, is a decreasing sequence, and

(iii) for all t,lim;., . uft) = 0.

There exists an integer n, such that f—u, satisfies the condition of the
problem.

ProoF. Denote m = min, <<, f(t) > 0. Let t, be such that f(f) > 1 for all
1 2ty and n, be such that u, (¢;) < m. It is readily seen that f; = f — u,, satisfies
the condition of problem 2.

We continue the proof of the sufficiency. By Lemma 4 there exists an increasing
sequence of natural numbers: n, < n, < -+ such that

fl =f— ulu > 0
fi=fi—u,>>0
fk =f;¢-1 = Up, =f_ [um + L + e+ unk] > 0.
Hence p(t) = £20 u,(t) £ f(1) and lim,,,p(t) = co. Note that {ug,u, -, u,}

need not be a Tchebycheff system; however for a sequence {u;};2, defined by (1)
and (2) we have the following theorem.

THEOREM 5. The polynomials {u;}{% o generate all the extreme raysin C4, N\ B
if and only if there exists a series p(t) = X%, au(t) witha,; 20,i =0,1,2, -,
converging for a £t < b and such that lim,_,, p(t) = o0,

3.

We conclude by showing that there exists a sequence {u;};%, defined by (1) and
(2) such that lim,. o u,(1) /u(b) > 0.

Let {W,}i=0 be an infinite sequence of positive C*[a, b] functions such that
for every function f, defined and integrable on[a, b]and continuous in [a,a + €]
(e>0):

k=

b
lim J. f(OWL)dt = f(a).
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Define uy = 1 and

0 ast<x
¢°(”x)‘{1 x<t<b.

Let ¢, be a fixed number, a < t, < b, and let 0 < ¢ < {. Choose k,, and denote
Wy = W;,, such that

b €
ito) = [ Bultos 5pwi(x)dx 2 Bultos ) = 7

and

b &
w® = [ ot 9w 3 4o(b3 0) + -

We now define ¢,(-; x) by
0 ast<x

do(t;x) =
wi(EDdE,

x

f‘ xSt<h.

Suppose that ¢o(*; x), ¢1(*; x), <>+, §,—1(*; x) has been defined such that

& & &
uto) = uo(ty) — [? + ¥ 4o o ?_J

& & &
uft) < uo(t) + [7 Fop +7’]

fori=1,2,---,n—1.

Choose k,, and denote w, = W, , such that

b 4
1) = [ fuealtos I 2 duesl003 ) —

to(to) - [—g—+§§+ +Zi,,]>1—e

and
b
wl®) = [ Boes(ts I dx S Gy i3 ) +

< u(t) + [%+§87+-~+2i,,]<1—s.



276 E. LAPIDOT Israel J. Math.,

Hence
un(to) 1"'8>i_-]_..
ub)=1+4+¢= 3 3°
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